Abstract. We use three seminal approaches in the study of fixed point theory, the so called G-metrics, multidimensional fixed points and partially ordered spaces. More precisely, we extend known results from the theory of quasi-pseudometric spaces to the G-metric space setting. In particular, we show the existence of n-tuple fixed points (resp. common n-tuple fixed point) for a non-decreasing mapping (resp. a pair of weakly related mappings) in a φ-ordered G-metric space.
Introduction and preliminary results.
Metric spaces have been extensively used to solve major problems appearing in quantitative sciences and considering various generalizations of metrics and metric spaces is a natural step in order to broaden the scope of applied sciences. In this regard, G-metric spaces (G bmetric spaces), cone metric spaces and quasi-pseudometric spaces are relevant instances. Most of these applications are done via fixed point theory whose relevance is no more to be demonstrated as it has been extensively discussed in many divisions of applied sciences.
Similarly, for any family (X i , X i ), i = 1, 2, · · · , n; (Y, Y ) of posets, a mapping F : X 1 × X 2 × · · · × X n → Y is said to be preorder-preserving or isotone if for any for any (x 1 , x 2 , · · · , x n ), (z 1 , z 2 , · · · , z n ) ∈ X 1 × X 2 × · · · × X n , x i X i z i for all i = 1, 2, · · · , n =⇒ F (x 1 , x 2 , · · · , x n ) Y F (z 1 , z 2 , · · · , z n ).
Next we recall the basic concepts and notations attached to the idea of G-metric. This can be read extensively in [5] . Definition 1.2. (See [5, Definition 3] ) Let X be a nonempty set, and let the function G : X × X × X → [0, ∞) satisfy the following properties:
(G1) G(x, y, z) = 0 if x = y = z whenever x, y, z ∈ X; (G2) G(x, x, y) > 0 whenever x, y ∈ X with x = y; (G3) G(x, x, y) ≤ G(x, y, z) whenever x, y, z ∈ X with z = y; (G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = . . ., (symmetry in all three variables); (G5) G(x, y, z) ≤ [G(x, a, a) + G(a, y, z)]
for any points x, y, z, a ∈ X. Then (X, G) is called a G-metric space. Definition 1.3. (See [5] ) Let (X, G) be a G-metric space, and let {x n } be a sequence of points of X, therefore, we say that (x n ) is G-convergent to x ∈ X if lim n,m→∞ G(x, x n , x m ) = 0, that is, for any ε > 0, there exists N ∈ N such that G(x, x n , x m ) < ε, for all, n, m ≥ N. We call x the limit of the sequence and write x n → x or lim n→∞ x n = x.
We shall use interchangeably "G-Cauchy sequence in a G-metric space" or "Cauchy sequence in a G-metric space".
In a G-metric space (X, G), the following are equivalent
We shall use interchangeably "G-complete G-metric space" or "complete G-metric space".
is continuous on its three variables. Definition 1.9. Let (X, G) be a G-metric space. A function T : X → X is called sequentially continuous if for any G-convergent sequence (x n ) with x n −→ x, the sequence (T x n ) G-converges to T x, i.e. T x n −→ T x. Similarly, a function T : X 1 × X 2 × · · · × X n → X for n ≥ 2, is said to be sequentially continuous if for any sequences (
(E1) a n-tuple fixed point of the mapping F :
(E2) a n-tuple coincidence point of the mappings F :
is called the n-tuple point of coincidence; (E3) a common n-tuple fixed point of the mappings F : X n → X and T :
(D1) a n-tuple coincidence point of the mappings F : X n → X and T, R :
n-tuple fixed point
We first prove the following lemma:
be a G-metric space and φ : X → R a map. Define the binary relation " " on X as follows:
Then " " is a preorder on X. It will be called the preorder induced by φ.
Proof.
• Reflexivity: For all x ∈ X;
hence x x, i.e., " " is reflexive.
• Transitivity: For x, y, z ∈ X s.t. x y and y z, we have
By property (G5), we have
i.e. x z. Thus, " " is transitive, and so the relation " " is a preorder on X.
It follows that
whereas 3 is not comparable to 2 and 6 is not comparable to 5, etc. Therefore X is a φ-ordered G-metric space.
Now we prove the following theorem.
Theorem 2.4. Let (X, G) be a complete G-metric space, φ : X → R be a bounded from above function and " " the preorder induced by φ. Let F : X n → X, n ≥ 2 be a preorder preserving and sequentilally continuous mapping on X n such that there exist n elements
We construct the sequences (x i l ) l for 1 ≤ i ≤ n as follows:
We use mathematical induction. Since
and F is preorder preserving, we have
Thus by mathematical induction we conclude that (2.2) holds for all l ≥ 0. Therefore
By definition of the preorder, we have
) is a non-decreasing sequence of real numbers. Since φ is bounded from above, the sequence (φ(x i l )) converges and is therefore Cauchy. This entails that for any ǫ > 0, there exists n 0 ∈ N such that for any q > p > n 0 , we have φ(
Since F is sequentially continuous, we have
Thus we have proved that (x * ,1 , · · · , x * ,n ) is a n-tuple fixed point of F .
Example 2.5. We take n = 3. Let X = [0, ∞) and G(x, y, z) = max{|x − y|, |x − z|, |y − z|}, then (X, G) is a complete G-metric space and "≤" is the ordering induced by φ(x) = 2x. Let F : X × X → X be defined as follows:
and F is obviously a non-decreasing function on X. If we let x 0 = 1 and y 0 = z 0 = 0 then 
Common n-tuple fixed point
Now we define the concept of weakly related mappings on preordered spaces as follows: Definition 3.1. (See [3] ) Let (X, ) be a preordered space, and F : X n → X and g : X → X be two mappings. Then the pair {F, g} is said to be weakly related if the following condition is satisfied:
and
Now we state and prove the first common n-tuple fixed point existence theorem for the weakly related mappings.
Theorem 3.2. Let (X, G) be a complete G-metric space, φ : X → R be a bounded from above function and " " the preorder induced by φ. Let F : X n → X, n ≥ 2 and g : X → X be two sequentilally continuous mapping on X such that the pair {F, g} is weakly related. If there exist n elements
Again since the pair {F, g} is weakly related, we have
. Thus by mathematical induction we conclude that (3.3) holds for all l ≥ 0. Therefore
Hence, the sequence (φ(x i l )) is a non-decreasing sequence of real numbers. Since φ is bounded from above, the sequence (φ(x i l )) converges and is therefore Cauchy. This entails that for any ǫ > 0, there exists n 0 ∈ N such that for any q > p > n 0 , we have φ(
We conclude that (x i l ) is a G-Cauchy sequence in X and since X is G-complete space, there exists x * ,i ∈ X such that x i l −→ x * ,i . Since F and g are sequentially continuous, it is easy to see that
, and
is a common n-tuple fixed point of F and g.
Example 3.3. Let X = [0, ∞) and G(x, y, z) = max{|x − y|, |x − z|, |y − z|}, then (X, G) is a complete G-metric space. For any positive real number a, let φ a : X → R be defined by φ a (x) = ax, and be the preorder induced by φ a . We define F : X n → X and g : X → X as follows
If we let x 
and on the other hand,
And so the pair {F, g} is weakly related. Again, it is not hard to see that F and g are sequentially continuous mappings. Hence we see that all the conditions of Theorem 3.2 are satisfied. Also we have
n is a common n-tuple fixed point for F and g.
Now, we present a result on n-tuple fixed point for a family of three maps.
Theorem 3.4. Let (X, d) be a complete G-metric space, φ : X → R be a bounded from above function and " " the preorder induced by φ. Let F : X n → X, n ≥ 2 and G, H : X → X be three sequentilally continuous mapping on X such that the pairs {F, G} and {F, H} are weakly related. Then F, H and G have a n-tuple fixed point.
We construct the sequences (x i l ) l in X as follows:
We have x Similarly, using repeatedly the fact that the pairs {F, G} and {F, H} are weakly related, we get
We conclude that (x i l ) is a G-Cauchy sequence in X and since X is G-complete, there exists x * ,i ∈ X such that x i l −→ x * ,i . Since F, G and H are sequentially continuous, it is easy to see that
Hence (x * ,1 , · · · , x * ,n ) is a common n-tuple fixed point of F, G and H.
Example 3.5. Let X = [0, ∞) and d(x, y, z) = max{|x − y|, |x − z|, |y − z|}, then (X, d) is a complete G-metric space. For any positive real number a, let φ a : X → R be defined by φ a (x) = ax, and be the preorder induced by φ a . We define F : X n → X, G : X → X and H : X → X as follows
, and Hx = 6x.
The pairs {F, G} and {F, H} are weakly related. Again, it is not hard to see that F, G and G are d-sequentially continuous mappings on X. Hence we see that all the conditions of our theorem are satisfied. Also we have
n is a common n-tuple fixed point for F, G and H.
Before we state our last result, we give the following definition: We shall say that the family {G 1 , G 2 , · · · , G n } (in this order) is a n-embedded chain if for all i = 1, · · · , n − 1, the pair {G i , G i+1 } is an embedded pair. Observe that an embedded pair is a 2-embedded chain.
We shall say that the family 
For any x ∈ X,
showing that F is a dual 2-embedded chain.
On the other way around
showing that G is an embedded pair, while
showing that G is not a dual 2-embedded chain.
Using the same approach as suggested in the proof of Theorem 3.4, one can easily establish that: 
, for all l ≥ 1. are Cauchy and and since Y is complete, there exist X * ,i ∈ Y such that X i l −→ X * ,i . Since F and G 2 , · · · , G r are sequentially continuous, it is easy to see that
and X i rl−r −→ X * ,i ⇐⇒ X i rl−k+1 = G k X i rl−k −→ X * ,i ⇐⇒ G k X * ,i = X * ,i , and hence G k X * ,i = X * ,i = F (X * ,i , X * ,i+1 , · · · , X * ,n , X * ,1 · · · , X * ,i−1 ). Hence (X * ,1 , X * ,2 , · · · , X * ,n ) is a common n-tuple fixed point of F and G 2 , · · · , G r . d) is a complete G-metric space. For any positive real number a, let φ a : X → R be defined by φ a (x) = ax, and the preorder induced by φ a . We define F : X n → X and G : X → X as follows
2 · · · x n )| and G k (x) = kx, k = 2, · · · , r, r > 2.
For k = 1, 2 , we have on one hand,
And so the pair {F, G k } are weakly-related for k = 2, 3. Again, it is not hard to see that F and G k , k = 2, · · · , r, are sequentially continuous mappings on X. Moreover, for any x ∈ [0, ∞), kx ≤ k(k−1)x, k = 2, · · · , r, implying that {G r , G r−1 , · · · , G 3 } is an an r − 2-embedded chain. Hence we see that all the conditions of our theorem are satisfied. Also we have F (0, x i , x i+1 , · · · , x n , x 1 , · · · , x i−2 ) = 0 = G k (0) for k = 2, · · · , r and for i = 1, 2, · · · , n. Thus (0, · · · , 0) n is a common n-tuple fixed point of F, G 2 , · · · , G r .
